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A connection-independent formulation of general relativity is presented, in which the dynamics
does not depend on the choice of connection. The gravity action in this formulation includes one
additional scalar term in addition to the Einstein-Hilbert action. No conditions on the connection are
imposed. Nevertheless, this formulation yields the Einstein equations, without adding the Gibbons-
Hawking-York term even when a manifold has a boundary. Furthermore, this formulation yields a
unified description of general relativity, teleparallel gravity, and symmetric teleparallel gravity.
I. INTRODUCTION
On any manifold, there are infinitely many affine con-
nections to define the covariant derivative, but a priori,
no one is better than the others. A choice of connec-
tions is arbitrary, and hence it should play no role in the
formulation of any physical law including gravity.
However, in the conventional formulations of gravity
theories, a specific connection has been used by impos-
ing some conditions on the connection. For instance,
the original formulation of general relativity uses the
Levi-Civita connection by imposing two conditions, both
metricity and torsion-free. In the Palatini-Einstein for-
malism [1], where the connection and the metric are
taken as independent variables, a specific connection is
not adopted. However, even in that formalism, either
metricity or torsion-free is imposed, and then varying the
action with respect to the connection, one learns that the
connection coincides with the Levi-Civita connection.
In this paper the connection-independent formulation
of the dynamics of general relativity is presented. No con-
ditions on the connection are imposed. This formulation
necessarily introduces one additional scalar term in addi-
tion to the Einstein-Hilbert action. The variation of the
action with respect to the connection identically vanishes,
and the variation of the action with respect to the met-
ric yields the Einstein equations. It is not necessary to
add the Gibbons-Hawking-York term [2, 3] even when a
manifold has a boundary. Furthermore, the action in this
formulation yields general relativity, teleparallel gravity,
symmetric teleparallel gravity, and others.
The paper is organized as follows. In section II the
gravity action is given, which defines the connection-
independent formulation. In section III the variation of
the action is investigated. In section IV it is shown that
the action includes the Gibbons-Hawking-York term. In
section V, the original formulation of general relativity,
the Palatini-Einstein formalism, and the formulation pre-
sented in this paper are summarized for comparison. In
section VI, it is demonstrated that the action yields gen-
eral relativity, teleparallel gravity, symmetric teleparallel
gravity, and others. Section VII is devoted to conclusion.
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II. CONNECTION INDEPENDENCE
Consider a vector field on a spacetime manifoldM . We
denote the covariant derivative of a vector Vν as
∇µVν = ∂µVν − ΓλµνVλ. (1)
Eq. (1) remains a tensor if one adds any tensor Ωλµν to
the affine connection Γλµν ,
Γλµν → Γλµν +Ωλµν . (2)
Each choice of Ωλµν defines different affine connections.
This implies that there are infinitely many affine connec-
tions, because a tensor Ωλµν is arbitrary.
Of infinitely many possible affine connections, general
relativity uses a specific one, the Levi-Civita connection
Γ
λ
µν ≡ 1
2
gλρ (∂µgνρ + ∂νgµρ − ∂ρgµν) . (3)
This leads to nonzero spacetime curvature but zero tor-
sion. This is also compatible with the metric, ∇λgµν = 0.
A bar is used to denote the quantities associated with the
Levi-Civita connection. It is convenient to use the Levi-
Civita connection as the reference for other connections.
Then, an arbitrary connection Γλµν can be written as
Γλµν = Γ
λ
µν +W
λ
µν , (4)
where Wλµν is a tensor, because the difference between
two affine connections is a tensor.
The Riemann curvature tensor is defined by
Rρµλν = ∂λΓ
ρ
νµ − ∂νΓρλµ + ΓρλσΓσνµ − ΓρνσΓσλµ,
(5)
and this transforms under the transformation (2) as
Rρµλν → Rρµλν +ΩρλσΩσνµ − ΩρνσΩσλµ
+W ρλσΩ
σ
νµ −W σλµΩρνσ −W ρνσΩσλµ +W σνµΩρλσ
+∇λΩρνµ −∇νΩρλµ, (6)
where ∇µ is the covariant derivative with respect to the
Levi-Civita connection (3), rather than an arbitrary one.
2Then, the Ricci scalar R ≡ gµνRλµλν transforms under
the transformation (2) as
R→ R+ΩλλνΩνµµ − ΩµνλΩλµν
+WλλνΩ
νµ
µ −WλµνΩµνλ −WµνλΩλµν +W νµµΩλλν
+∇µ (Ωµνν − Ωννµ) . (7)
This indicates that the Einstein-Hilbert action
SEH =
1
16π
∫
M
d4x
√−gR (8)
is not invariant under the transformation (2).
We now want to find a gravity action which is invari-
ant under the transformation (2). For this purpose, the
following scalar W should be defined,
W ≡WµνλWλµν −WλλνW νµµ. (9)
Under the transformation (2), the Wλµν transforms as
Wλµν →Wλµν +Ωλµν , and then the W transforms as
W →W +ΩµνλΩλµν − ΩλλνΩνµµ
+WµνλΩ
λ
µν +W
λ
µνΩ
µν
λ −WλλνΩνµµ −W νµµΩλλν .
(10)
Thus, neither the Ricci scalar R nor the scalar W is in-
variant under the transformation (2).
However, we learn from (7) and (10) that the R +W
transforms under the transformation (2) as
R+W → R+W +∇µ (Ωµνν − Ωννµ) . (11)
This indicates that the R + W is invariant under the
transformation (2) up to the divergence term. The trans-
formation law (11) implies that the following action
S =
1
16π
∫
M
d4x
√−g(R+W ) (12)
defines a connection-independent formulation of gravity.
We can take (12) as the gravity action rather than (8).
III. VARIATION OF THE ACTION
We investigate the variation of the action (12) with
respect to the connection and the metric independently.
It is convenient to rewrite (12), instead of varying (12)
itself. Using (11), we can write the R+W as
R+W = R+∇µ (Wµνν −Wννµ) , (13)
where R is the Ricci scalar of the Levi-Civita connec-
tion. This identity is useful, because it is valid for any
connection. It indicates that the R +W differs from R
in only the divergence term. Substituting (13) into (12),
we obtain
S =
1
16π
∫
M
d4x
√−g R
+
1
16π
∫
M
d4x
√−g ∇µ (Wµνν −Wννµ) , (14)
where
Wµνν −Wννµ
= gρσΓµρσ − gµνΓλλν − gρσΓµρσ + gµνΓλλν . (15)
Varying (14) with respect to the connection, we imme-
diately find that the variation δΓS identically vanishes,
δΓS = 0, (16)
under the boundary condition δΓλµν = 0. This implies
that the connection Γ is not a dynamical variable.
Varying (14) with respect to the metric, we can write
δgS = δgSGR + δgSB, (17)
where SGR and SB denote the first term and the bound-
ary term in (14), respectively. As usual, δgSGR is
δgSGR =
1
16π
∫
M
d4x
√−g
(
Rµν − 1
2
Rgµν
)
δgµν
+
1
16π
∫
M
d4x
√−ggµνδRµν , (18)
where δgµν = δg = 0 on the boundary to be understood.
The second term in (18) is nonzero when a manifold has
a boundary [3]. Then, the variation δgSB is obtained as
δgSB = − 1
16π
∫
M
d4x
√−g ∇µ
(
gρσδΓ
µ
ρσ − gµνδΓλλν
)
= − 1
16π
∫
M
d4x
√−ggµνδRµν , (19)
where we have used the Palatini identity,
δRµν = ∇λδΓλµν −∇νδΓλλµ. (20)
Thus, (19) exactly cancels the second term in (18). As
the result, the variation δgS is given by
δgS =
1
16π
∫
M
d4x
√−g
(
Rµν − 1
2
Rgµν
)
δgµν . (21)
Here, it should be noted that we have not introduced the
Gibbons-Hawking-York term to obtain (21).
IV. THE GIBBONS-HAWKING-YORK TERM
In general relativity, the usual procedure to cancel the
second term in (18) is to add the Gibbons-Hawking-York
term [2, 3] in addition to the Einstein-Hilbert action.
However, in section III, we have shown that (19) cancels
the second term in (18). It means that (19) plays the
role of the variation of the Gibbons-Hawking-York term.
Therefore, in the present formulation, there is no need to
add the Gibbons-Hawking-York term. Furthermore, we
can show that (12) includes the Gibbons-Hawking-York
term itself. This can be shown as follows.
3The Gibbons-Hawking-York term is defined by
SGHY ≡ ǫ
8π
∮
∂M
d3y
√
|h| ∇µnµ, (22)
where nµ is a unit vector normal to the boundary, h is the
determinant of the induced metric on the boundary, y are
the coordinates on the boundary, ǫ ≡ nµnµ is equal to
+1 where ∂M is timelike and −1 where ∂M is spacelike,
and ∇µnµ ≡ K is the trace of the extrinsic curvature.
We show that SB includes SGHY in the following.
The dynamical term in SB is given by
1
16π
∫
M
d4x
√−g ∇µ
(
−gρσΓµρσ + gµνΓλλν
)
, (23)
where the non-dynamical term including Γ is omitted, be-
cause it does not affect the variation and field equations.
Using the Stokes’ theorem, we learn that (23) equals to
ǫ
16π
∮
∂M
d3y
√
|h| nµ
(
−gρσΓµρσ + gµνΓλλν
)
=
ǫ
8π
∮
∂M
d3y
√
|h| ∇µnµ. (24)
This is identical to the Gibbons-Hawking-York term (22).
Thus, in our formulation, it is not necessary to add SGHY,
because the action (12) includes it.
V. THREE FORMULATIONS
It would be useful to summarize the three formulations,
the original formulation of general relativity, the Palatini-
Einstein formalism, and the formulation of this paper.
1. Original formulation of general relativity: The ac-
tion is defined by the first term in (14). The Levi-
Civita connection is used by imposing two condi-
tions on the connection, metricity and torsion-free.
When a manifold has a boundary, the Gibbons-
Hawking-York term has to be added to the action.
2. Palatini-Einstein formalism: The action is defined
by (8). The connection and the metric are regarded
as independent variables. Either the metricity or
the torsion-free condition is imposed rather than
both of them. Varying the action with respect to
the connection, one learns that the connection to be
the Levi-Civita connection. Thus, in the Palatini-
Einstein formalism, either the metricity condition
or the torsion-free condition is unnecessary.
3. The formulation of this paper: The action is de-
fined by (12). The connection and the metric are
regarded as independent variables. No conditions
on the connection are imposed. The variation of
the action with respect to the connection identi-
cally vanishes. Thus, in this formulation, both
the metricity condition and the torsion-free con-
dition are unnecessary. Even when a manifold has
a boundary, it is unnecessary to add the Gibbons-
Hawking-York term, because the action includes it.
VI. EXAMPLES
TheWλµν andW can be written in terms of the metric
and the connection. Using (3) and (4), we obtain
Wλµν =
1
2
(
T λµν + g
λρgµσT
σ
ρν + g
λρgνσT
σ
ρµ
)
+
1
2
gλρ (∇ρgµν −∇µgνρ −∇νgµρ) , (25)
where T λµν ≡ Γλµν − Γλνµ is a torsion tensor. Substi-
tuting (25) into (9), we find that
W = T µνλQ
λ
µν + T
λ
λνQµ
µν − T λλνQνµµ
− 1
4
T λµνTλ
µν +
1
2
T µνλT
λ
µν + T
λ
λµTν
νµ
− 1
4
QµνλQµν
λ +
1
2
QµνλQ
λ
µν
+
1
4
QµλλQµν
ν − 1
2
QµλλQ
ν
νµ, (26)
where Qλµν ≡ ∇λgµν is a non-metricity tensor. Then,
substituting (25) into (13), we obtain
R+W = R +∇µ (2Tνµν +Qµνν −Qνµν) , (27)
which is valid for any connection.
General relativity is obtained as the simplest example
by imposing two conditions on the connection,
metricity: Qλµν ≡ ∇λgµν = 0, (28)
no torsion: T λµν ≡ Γλµν − Γλνµ = 0. (29)
Then, (25) and (26) reduce to Wλµν = 0 and W = 0.
This means that the connection is uniquely determined
as the Levi-Civita connection. Therefore, the action (12)
reduces to SGR, which is given by the first term in (14).
If only the metricity condition (28) is imposed rather
than both (28) and (29), then (25) and (26) reduce to
Wλµν =
1
2
(
T λµν + g
λρgµσT
σ
ρν + g
λρgνσT
σ
ρµ
)
, (30)
W = −1
4
T λµνTλ
µν +
1
2
T µνλT
λ
µν + T
λ
λµTν
νµ.
(31)
In this case, the Wλµν is called the contorsion tensor,
and the W is the torsion scalar usually denoted by T .
Then, (27) reduces to
R+ T = R + 2∇µTνµν , (32)
where the Ricci scalar R and the torsion scalar T are in
general nonzero.
Teleparallel gravity [4] is a special case of (32). Its the-
oretical structure, extensions, and physical applications
have been studied in the literature [5–13]. It uses the
Weitzenböck connection [14–16], which leads to nonzero
torsion but zero curvature [15]. Then, (32) reduces to
T˜ = R+ 2∇µT˜νµν , (33)
4where a tilde is used to denote the quantities for the
Weitzenböck connection. Eq. (33) defines teleparallel
gravity, and hence teleparallel gravity is the case of (32).
If only torsion-free condition (29) is imposed rather
than both (28) and (29), then (25) and (26) reduce to
Wλµν =
1
2
gλρ (Qρµν −Qµνρ −Qνµρ) , (34)
W =− 1
4
QµνλQµν
λ +
1
2
QµνλQ
λ
µν
+
1
4
QµλλQµν
ν − 1
2
QµλλQ
ν
νµ. (35)
In this case, the Wλµν is called the disformation tensor,
and the W is the non-metricity scalar usually denoted
by Q. Then, (27) reduces to
R+Q = R +∇µ (Qµνν −Qνµν) , (36)
where the Ricci scalar R and a non-metricity scalar Q are
in general nonzero. Furthermore, if zero curvature is as-
sumed, then only the non-metricity scalar Q is nonzero,
and that case is the symmetric teleparallel gravity [17].
Its extension and physical applications have been stud-
ied [18–21]. Thus, by imposing some conditions on the
connection, the action (12) yields various cases. In this
sense, the action (12) is regarded as a unified description.
VII. CONCLUSION
The gravity action (12) has been presented by using
the connection-independence in gravity. The action
contains the scalar W in addition to the Ricci scalar
R. The scalar W can be written in terms of the
torsion tensor and the non-metricity tensor, as shown
in (26). In this formulation, no conditions on the
connection are imposed. Nevertheless, the action yields
the Einstein equations. It is not necessary to add the
Gibbons-Hawking-York term even when a manifold
has a boundary, because the action includes it from
the beginning. In this formulation, the dynamics is
independent of a choice of connection. Therefore, any
connection can be used if necessary, and hence the
action (12) yields general relativity, teleparallel gravity,
symmetric teleparallel gravity, and others.
Note added: It has been realized that a similar construc-
tion had been studied in [22] from a different perspective.
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